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Abstract 

We consider a class of Gaussian random holomorphic functions, whose 
expected zero set is uniformly distributed over C n . This class is unique (up 
to multiplication by a non zero holomorphic function), and is closely related 
to a Gaussian field over a Hilbert space of holomorphic functions on the 
reduced Heisenberg group. For a fixed random function of this class, we 
show that the probability that there are no zeros in a ball of large radius, is 
less than e~ Cir " + , and is also greater than e~ C2r " + . Enroute to this result 
we also compute probability estimates for the event that a random function's 
unintegrated counting function deviates significantly from its mean. 

1. Introduction. 

Random polynomials and random holomorphic functions are studied as 
a way to gain insight into difficult problems such as string theory and ana- 
lytic number theory. A particularly interesting case of random holomorphic 
functions is when the random functions can be defined so that they are in- 
variant with respect to the natural isometries of the space in question. The 
class of functions that we will study are the unique Gaussian random holo- 
morphic functions, up to multiplication by a nonzero holomorphic function, 
whose expected zero set is uniformly distributed on C n . For this class of 
random holomorphic functions we will determine the expected value of the 
unintegrated counting function for a ball of large radius and the chance that 
there are no zeros present. This pathological event is what is called the hole 
probability of a random function. In doing this we generalize a result of 
Sodin and Tsirelison, to n dimensions, in order to give the first nontrivial 
example, where the hole probability is computed in more than 1 complex 
variable. 

The topic of random holomorphic functions is an old one which has 
many results from the first half of the twentieth century, and is recently 
experiencing a second renaissance. In particular Kac determined a formula 
for the expected distribution of zeros of real polynomials in a certain case, 
jHj. This work was generalized throughout the years, and a terse geometric 
proof, and some consequences are presented by Edelman and Kostlan, 
An excellent reference for other results regarding the general properties of 
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random functions is Kahane's text, (Zj. One series of papers, by Offord, is 
particularly relevant to questions involving the hole probability of random 
holomorphic functions and the distribution of values of random holomor- 
phic functions, [TU], [H], although neither is specifically used in this paper. 
Recently, there has been a flurry of interest in the zero sets of random poly- 
nomials and holomorphic functions which are much more natural objects 
than they may initially appear. For example Bleher, Shiffman and Zelditch 
show that for any positive line bundle over a compact complex manifold, 
the random holomorphic sections to L N (defined intrinsically) have universal 
high N correlation functions, PQ. 

In addition to a plethora of results describing the typical behavior, there 
have also been several results in 1 (real or complex) dimension for Gaussian 
random holomorphic functions where the hole probability has been deter- 
mined. For a specific class of real Gaussian polynomials of even degree 2n, 
Dembo, Poonen, Shao and Zeitouni have shown that for the event where 
there are no real zeros, E n , the lim^oo P \^ffl n~ b = ~ b, b E [0.4,2], 
Hole probability for the complex zeros of a Gaussian random holomorphic 
function is a quite different problem. Let Hole r = {/, in a class of holo- 
morphic functions, such that Vz E 5(0, r), f(z) ^ 0}. For the complex 
zeros in one complex dimension, there is a general upper bound for the hole 
probability: Prob(Hole r ) < e~ c ^ B ( 0,r ^, fi(z) = E[Z^J\ as in theorem 13.11 
|14j . In one case this estimate was shown by Peres and Virag to be sharp: 
Prob(Hole r ) = e - M(B ^ r)) +o(Mg(o,r))) ; jjg. These last two results on hole 
probability might suggest that when the random holomorphic functions are 
invariant with respect to the local isometries, thus ensuring that E[ZJ\ is 
uniformly distributed on the manifold, the rate of decay of the hole prob- 
ability would be the same as that which would be arrived at if the zeros 
where distributed according to a Poisson process. However, as the zeros re- 
pel in 1 dimension, |3] , one might expect there to be a quicker decay for hole 
probability of a random holomorphic function. This is the case for random 
holomorphic functions whose expected zero set is uniformly distributed on 



Prob(Hole r ) < e~ Cir4 = e -^(B(o,r))^ an d p ro b(Hole r ) > e~ C2r4 = e ~ c ^ B ^ r))2 



The random holomorphic functions that we will study, can be written 

as 



C 1 , [15j : 




z \ z 2 ■ ■ ■ fn 
Vjl ■ 32 - ■■■■ 3n 



z- 
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where ujj are independent identically distributed standard complex gaussian 
random variables, and a.s. are holomorphic on C". The second form is just 
the standard multi-index notation, and will frequently be used from here on 
out. Random holomorphic functions of this form are a natural link between 
Hilbert spaces of holomorphic functions on the reduced Heisenberg group 
and a similar Gaussian Hilbert Space. Further, these random functions will 
be the unique class (up to multiplication by a nonzero entire function) whose 
expected distribution of the zero set is: 

E[ZJ[ = — (dz\ A dzi + dz 2 A dz 2 + . . . + dz n A dz n ). 
The two main results of this paper are: 

Theorem 1.1. If 



ip ul {z 1 ,z 2 ...,z n ) = 



, z l z 2 ■ ■ ■ z n 



where Uj are independent identically distributed complex Gaussian random 
variables, 

then for all S > 0, there exists c^^ > and R nt s such that for all r > R n $ 



Prob I < uj : 



> 5r 2{ > ) < e ~ c ^ r2n+2 



where n^(r) is the unintegrated counting function for ip w . 
Theorem 1.2. // 

Hole r = {uj:Mze B(0, r), if> u (z) ^ 0}, 
then there exists R n , c\, and c 2 > such that for all r > R n 
e -c 2 r^ < Proo (Hole r ) < e - cir2 " +2 

The proof of Theorems 11.11 and 11.21 will use techniques from probability 
theory, several complex variables and an invariance rule for Gaussian ran- 
dom holomorphic functions which is derived from isometries of the reduced 
Heisenberg group. These results, using the mainly same techniques, were 
already proven in the case where n=l by Sodin and Tsirelison, [To] . 

Acknowledgement: I would like to thank Bernie Shiffman for many 
useful discussions. 
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2. The link between random holomorphic functions, Gaussian Hilbert 
spaces and the reduced Heisenberg group. 

To develop the notion of a random holomorphic function on C n we will 
need a way to place a probability measure on a space of holomorphic func- 
tions on C n . The definition we will use is that a random holomorphic 
function is a representative of a Gaussian field between two Hilbert spaces 
on the reduced Heisenberg group. Through this definition we will prove 
the crucial Lemma 14.31 which gives a nice law to determine how random 
holomorphic functions behave under translation. Additionally, this defini- 
tion is equivalent to defining a random holomorphic function as ipu(z) = 



_J1 ^J2 
^1 6<) 



Uj 12 " ] , where uja are independent identically distributed 

standard complex Gaussian random variables. 

We will start with the concept of a Gaussian Hilbert Space, as presented 
by Janson, [5], 

Definition 2.1. A Gaussian Linear space, G, is a linear space of random 
variables, defined on a probability space (D,,du), such that each variable in 
the space is Gaussian random variable. 

Definition 2.2. A Gaussian Hilbert Space, G is a Gaussian linear space 
that is complete with respect to the L 2 (fl,di / ) norm. 



We will shortly apply these definitions to a Hilbert space of CR-holomorphic 
functions on the reduced Heisenberg group. The Heisenberg Group, as a 
manifold is nothing other than C n x R, and the reduced Heisenberg group 

is the circle bundle: X = H™ ed = {(z,a),z £ C n ,a £ C, |a| = e -1 ^ j. 

Consider holomorphic functions of the Heisenberg group, which are lin- 
ear with respect to the n + 1 st variable. The restriction of these functions 
define functions on X. For functions on X there is the following inner prod- 
uct: 

(F,G)= [ FG =—! f(z)^)\a\ 2 d9(a)dm(z) 

JX TT Jx 

= -{ f{zW)e-^ 2 dm{z) 

Here dm is Lebesque measure. With respect to this inner product, 

H X = {F £ £>(C n+1 ), F(z,a) = f(z)a, f £ 0(C n )} is a Hilbert Space, 
and E x = H 2 (C n , e^dm), as Hilbert Spaces. 
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Proposition 2.3. For Hx, { V i "'■ i a r — iV'n^J^rN" «s « n 
thonormal basis. 

The proof of this proposition is a straight forward computation. 

The isometries of the reduced Heisenberg group will play a crucial role 
in my computation of the hole probability. These isometries are of the form: 

_ . rrm rrm 

T (v,a) ■ n red —> n red 

The inner product on X is invariant with respect to the Heisenberg group 

law: 

r* (F, G) = ±ff f(( + u)g(C + v ) \(3ae-^\ 2 d9 dm(Q 

= £ J7(C + %(C + v)e-\^\ 2 dm(C + u) 
= ^Jf(()9(0e-^dm(0 

As such for a = e - ^, 

T*(aipj(z)) = (ae-^ 2 - z %(z + ()) = e^l^l 2 -*"^)^ + C) 

and the collection of these, {e~^ z+ ^ 2 ~' l ' Im ^^j(z + Q} : is another orthonor- 
mal basis for Hx, as the inner product is invariant with respect to the group 
law. 

Example 2.4. (Gaussian Hilbert Spaces) 

Let G' Hx = Closure(Span ({ujjipj(z)a}-Mn)) , where the closure is taken 

with respect to the norm E[(\\ ■ \\h x ) 2 ]^ an d where ujj are independent identi- 
cally distributed standard complex Gaussian random variables. G' Hx is not a 
Gaussian Hilbert space but is isometric to Gh x = Closure(Span ({uj}^)) , 
which is. 

Of course, H x -> G' Hx -> G Hx 

are isometries. 



G' Hx is in many ways more natural then Gh x , and is closely related to 
random holomorphic functions. 

Definition 2.5. A Gaussian field is a linear isometry L : Hx — > Gh x - As 
such, for all f e H x ,L[f] = Xf,a standard complex Gaussian random variable 
with Var =\\f\\ 2 Hx . 



Definition 2.6. A Gaussian random function, is a representative for a 
Gaussian field L. In other words, 

if feH x ,L[f\ = (<p u ,f) Hx 

Remark 2.7. (Random holomorphic functions on C n or (equivalently) Gauss- 
ian fields and functions between Hx and Gh x ) 

Let ip u (z) = ^~^u)jtpj(z) = ujj—= , u)j independent identically dis- 
jeN jeN v3- 

tributed standard complex Gaussian random variables. This will shortly be 
shown to a.s. be a holomorphic function on C n by Theorem 



Note that for af{z) G Hx, f(z) = / ] aj'ipj(z), {aj} G I 2 , 
(aip ul (z), af(z)) = s ^^~a~jUjj, which is a complex Gaussian random vari- 
able with variance ^^|o.j| 2 = ||/||j? C n; hence aip ljJ {z) is a random CR- 
holomorphic function on X. 

The variable a will be useful when we change bases. This occurs when 
we look at how random functions behave with respect to translation (Lemma 
Abusing notation we will frequently drop it and we will call 4>u(z) a 
random holomorphic function on C n . 

There is a simple condition for when a function of the form Wjipj {%) 
is a holomorphic condition, where Uj are independent identically distributed 
complex Gaussian Random variables. 

Theorem 2.8. Let {u^j^ be a sequence of independent identically dis- 
tributed, standard complex Gaussian random variables. If for j G N, 
ipj(z) G 0{Vl), and for all compact K C Q, } max \ipj(z)\ 2 < oo 

then for a.a.-u, (z) defines a holomorphic function on Q. 

This theorem can be proved easily by adapting a similar proof of con- 
vergence of " random sums" from [7] . 

Theorem 2.9. If L is a Gaussian field, L : Hx — > Gh x , and {<pj} is an 
orthonormal basis for H x 

then L can be written as: L[-] = ((fix,-), where <frx{z) = ^X^i, and 
{Xi} is a set of independent identically distributed standard Gaussian ran- 
dom variables. 
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Proof. Let L be a Gaussian random functional. 
Let X x = X 2 = L[<h], . . . , X, = Lfa], . . . 



We must only show that Xj are independent identically distributed 
Gaussian Random variables, hence it suffices to prove independence as 
by the definition of Gaussian random field, Xi, Xj are jointly normal, as 



2 = E[\Xt + Xj_\ 2 } = E[\Xj\ 2 } + E[\X 3 \ 2 ] + EiXiXj] + E[XjXi] 
= 2 + EpCiXj] + ElXjXi] _ 
Hence Re(E[X i X j ]) = = Im(E[XiXj]), 



3. Common Results. 

Let us briefly review properties of the zeros of random holomorphic func- 
tions. An elementary way to view the zeros of a holomorphic function is as 
a set: Zf = / _1 ({0}), but this will be insufficient for my purpose, and we 
will instead view it as a (1,1) current. For M n an n dimensional manifold, 
and / G O(M), f : M n -> C, /^({O}) is a divisor. Hence the regular 
points of Zf are a manifold, and by taking restriction we identify forms in 

D£- 1,n_1) with ones m 

Zf,reg is an n-1 complex manifold, 



is a (1,1) current on M, which we will denote Zf (abusing notation). 



As the singularities occur in real codimension 2. Zf = Zf jreg , and in general: 
if / G 0(M n ) } M an n complex manifold, then Zf = ^dd\og |/| 2 , as (1, 1) 
currents on M. 

Before we classify the atypical hole probability, we shall first describe 
the expected behavior. Many various forms of the following theorem have 
been proven, [H], [H] and [H]. For my purposes it is important that the proof 
is valid in n-dimensions, and for infinite sums. Many of the proofs resemble 
this one. After a conversation with Steve Zelditch, I was able to simplify a 
previously complicated argument into the current form. This simplification 
is already known to other researchers including Mikhail Sodin. 

For the following theorem let ipj : Q — > C, j G A, A = {0, 1,2, ... ,n} 
or A = N, be a sequence of holomorphic functions on a domain of an n 
manifold to C. 




For % 7^ j: 



The result then follows. 



□ 




Theorem 3.1. If E[\^\ 2 } = ^ (z)\ 2 converges locally uniformly in Q 
thenE[Z UJ ] = ^dd\ogmz)\\l 

Proof. Let f3 G D n ~ 1 ' n ~ 1 (Q) 

To simplify the notation, let (3 = (ft dz 2 A dz 2 A ... A dz n A dz n . 

(Z^,P) = (^ddlog(\M^\ 2 )S 
= (^\og(\^M)\ 2 ),ddp) 

= (^(log(ll^)ll, 2 2 ) + log(^y£)),^) 



Taking the expectation of both sides we compute: 
E[{Z^M = h fJ z en^mz)\\%)egk dm{z) du{u) 



d 2 <f> 



dm{z) dviui) 



The first term is the desired result (which by assumption is integrable 
and finite), while the second term will turn out to be zero. We first must 
establish that it is in fact integrable: 



— C fz<=K Iu> 
= JztK lui 



log(|cjf)| dm(z) 



where uj' is a standard centered Gaussian (Vz), thusly proving integra- 
bility as: 



zGfi J a; 

Finally, 



log( 



< 



C / I log(x)\dm(x) + c / |xe x2 |dm(x) < c 

V|x|<l J|x|>l 



2tt 



(3AE[Z^] = - / ^log(||^)||^ 2 ) + / C 



<9 2 



n dzidz, 



■dm(z) 



- I ddp A\og(Mz)\\%) 



Corollary 3.2. For ip^ a random holomorphic function on C n , 



□ 



E[Z 4 



2tt 



(dzi A dz 1 + dz 2 A dz 2 + • • • + dz n A dz n ) 
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In Theorem we proved that the expected zero set is determined by 
the variance of a of the random function when evaluated at a point. More 
can be said: 

Theorem 3.3. For gaussian analytic functions the expected zero set de- 
termines the process uniquely (up to multiplication by nonzero holomorphic 
functions) on a simply connected domain. 



This theorem is proven in one dimension by Sodin ^4], and the same 
proof works in n-dimensions. 

4. Invariance of Gaussian random functions with respect to the 
isometries of the reduced Heisenberg group. 

The invariance property of the random function in question with respect 
to the reduced Heisenberg group's isometries plays a central role in proving 
that: 

S s ( lo g(IVUz)|) - \\ z ? J = max (log(|^(^)|) - \\z\ 2 

This invariance property, which was known and used in the 1 dimensional 
case, and makes sense (from the view that V(z, a) G X, ai/) 0J (z)) defines a 
standard complex Gaussian random variable for any fixed z. Apparently, 
however, there was no proof in the literature until recently, I also in- 
dependently came up with this same result by using the properties of the 
Heisenberg group, and this is presented here. 

This next result is that a random holomorphic function is well defined 
independent of basis chosen, and also will be shortly restated in order to 
give an important translation law for random holomorphic functions of C n . 

Lemma 4.1. If {<j)j}j £ \ is an orthonormal basis for Hx 

then there exists {uo'^j^x independent identically distributed standard 
complex Gaussian random variables such that for all (z, a) G H™ ed , 

oiipu>(z) = 4>u'{z,a), a.s. 

where (z, a) = Yl ^jtfiji 2 ! a ) ■ 

Proof. For all j G N, let uj'- = (atp UJ (z),(l)j(z,a))H x , which is a standard 
complex Gaussian random variable by Theorem I2.9I Further, for j ^ k, u'j 
and u)' k are independent. 

Let / G H x =>• / = arfj, {aj} jeN G £ 2 
We now demonstrate that (f> w i = ip w as a Gaussian field: 
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{%,f) = (^,E a ;<A?) 

= E a 3^j 

As H x = H x , for evaluation maps ev a( zo ,a ) — (E b n 4>j, 
E b n (f)j G Hx and therefore by the above work: 

(<Pw, E bjfa) = E = E ^'0j(^o, Qt ) = E UjOtftJ)j(zo) □ 

Definition 4.2. ^4 Gaussian random function is invariant with respect to 
t if both (■, r*^) induce the same Gaussian field. 



A random CR-holomorphic function on X, will be invariant with respect 
to isometries of X. These will in turn be important for random holomorphic 
functions on C n , which is illustrated in the following simple but important 
lemma. 

— i(-|2 

Let t(z, a) = (z + (, e~ zt *a[3), \(3\ = e~~ . Recall that r is an isometry 
ofH x . 

Lemma 4.3. For all z e C n , there exists u'j independent identically dis- 
tributed standard complex Gaussian random variables, such that 

e-sW'VU*) = e-^+^-^^^iz + C) 



Proof. Here, ( is any fixed complex number and we set (3 = e~'^ 2 . Both 
{aipj(z)} and {T*(aijjj(z))} are orthonormal bases of Hx, and they there- 
fore induce the same Gaussian random function, as these are well defined 
independent of basis by Lemma 14.11 Hence 

a*pLj(z) = afie~ zC "^) w i{z + Q 
P -\A\u M - ,-|(kl 2 +ICI 2 +2 2 C), 



K n h s(\M z )\) - M = max \og(\^ w (z)\) - ~|z 



□ 



Corollary 4.4. The random variable: max ( log(|^,(,z) |) — -\z\ 2 ) 

z£dB(0,r) ' 

invariant with respect to t* . In other words 
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Proof. This corollary just specializes the previous lemma as, 

max (log \i> w {z)\ - hz\ 2 ) = max flog - log(e^ |z|2 )) 

zedB(0,r) \ 2 / z£dB(0,r) V / 



1 I |2 

= max log( \aipu\z) \), a = e 

zGdB(0,r) 
= 2 St) l0g(r * (|a ^ WI)) 

= max bg(|/3^ + C)l), l/9| = e-' |z+c|a 

z£dB(0,r) 

= max log((|/3V^)D), = e"*W a 
ze9-B(C,r) 

□ 

5. An estimate for the growth rate of random holomorphic func- 
tions on the reduced Heisenberg group. 

In this section we begin working towards my main results. Lemma f5. 41 
is interesting in and of itself as it proves that random functions for Hx are 
of finite order 2, a.s. From hence forth we will work with C n , for any one 
fixed n. 

Definition 5.1. A family of events {E r } r£ ^+, dependent on r, will be called 
a small family of events if exists R, and c > 0, such that for all r > 
R, Prob(E r ) < e~ cr2n+2 . 

We will be using properties of Gaussian random holomorphic functions 
to deduce typical properties of functions, and the size of the family of events 
where these typical properties will not work will always be small. 

Let M ruJ = max log 1^(^)1 

dB(0,r) 

We will be able to compute this, adapting a strategy that Sodin and 
Tsirelison, |15j . used to solve the analogous 1 dimension problem, by using 
the Cauchy Integral Formula in conjunction with some elementary proba- 
bility theory and computations: 

Lemma 5.2. Let u be a standard complex Gaussian RV (mean 0, Variance 
1 ), with a probability distribution function dv(uj) 
then: a-i) u({uj : |u;| > A}) = e~ A2 

a-ii) v({uj : M < A}) = 1 - e" A2 G [f , \%if\ < 1 

b) If {o'jjjgN' 1 is a set of of independent identically distributed standard 
Gaussian random variables, then v({u : \uj\ < (1 + e)' J "'}) = c > 0. 
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Here, and throughout this paper for j G N n , \j\ := Y^Ji 

Lemma 15.21 -a) is a straight forward computation using that the proba- 
bility distribution for a standard complex Gaussian. 

Proof, of b) u({Uj : \uj\ < (1 + e)M}) = 1 - e"( 1+£ ) 2|ji 

\j =oo 

(v({u : < (1 + > 0) <S> \\ 1 - e - {1+e)m = c 

jeN n ,\j\=o, 

<£> cJ2 \j\ n \ lQ g (l - e- (1+£)2 ' Jl ) | < oo 
as there are about c\j\ n , j G N n with a fixed value of 

V|x|<l, log(l-a0 = -/5>r = £ 



m + 1 

m>0 



Therefore, |j| |log (l - e -( 1+£ ) 2|j| ) | < cj^ m n e^ l+£)2m < oo □ 

m 

The following lemma is needed twice in this paper, including in the proof 
of Lemma 15.41 

Lemma 5.3. If j G N + ' n then < 

Proof. Let Uk = rj; > 0, hence Ylk=i u k = 1- 
As J^Mfc^ fc is a probability measure: 

y^Mfclog ( — J < log — Ufc, by Jensen's inequality. 

= log(n) 
Hence, > IJ(w fc )~ liK 

= ijH 

□ 

Lemma 5.4. (Probabilistic Estimate on the Rate of growth of the maximum 
of a random function on C n ) 
For all 5>0, 

log(M r , w ) 1 



E r x := <lj 



> 5 ? is a small family of events 



Proof. We will first prove that: v({uj : l ° 9 ^^ > | + 5} < e c M r2n+2 anc l 
we will prove this by specifying a set of measure almost 1 where the max 
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grows at the appropriate rate. 



Let Q r be the event where: i) \ujj\ < e 4 , \j\ < 2e ■ n ■ r 



2 



lil 

< 2 "2", |j| > 2e ■ n • r l 



3 1 

K^) < E K(N>c^})+ E K{K-I>2*}) 

\j\<2e-nr' 2 \j\>2e-nr 2 



< c y n eV e j + e e ~ 2lJl 

|j'|>2e-nr 2 

2 2 

OCT" , , t-, 

< e~ e + ce~ 2 , Vr > i? 

< e 

We now have that Vt c r is contained in a small family of events (and in 
fact could make a stronger statement on the rate of decay in terms of r). It 
now remains for me to show that Vuj G f2 r , log L^r^ I < I _|_ 1^ 

\fu G Q r , we have that: 

|j|<4e-n(|r 2 ) . . 1 2 

M ^< E E i^i4f = E+E 

b'l=0 VJ ' |i|>4e-n(|r2) VJ ' 

Using the Cauchy-Schwartz inequality: 

E <(^ 2 )^pf(e 



J v J- 



< c n e 4 r e 2' 

E < E 

I j I >4e-nr 

< E ( 2 )^ fj^) 2 II (^-) 2 ' b ^ Sterlin g' s Formula 

< C, by Lemma f5. HI 

Hence, Vcj G fi r , log(M r>w ) < (± + |5)r 2 
It now remains for me to show that: 



W < A, v ( <! w : < ~ - ^ < e-^^ 2 " +2 
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which we will do by using Cauchy's integral formula to transfer information 
on M r ^ to individual coefficients tvj. It suffices to prove this result only 
for small 5 as 5 < 5' =>- Eg', r C Es >r . The constant A can be explicitly 
determined. 

It will be most convenient to prove this result for the polydisk, where 
the Cauchy Integral Formula applies. The notation for the polydisk is the 
standard one: P(0,r) := {z G C n : Vi, |^| < r} 

LetM; = max | ip u (z) | 

zeP(0,r) 

The corresponding claim for a poly disk is that: 

K*> > Y ~ ^ 

except for a small family of events. 

We will now look at the probability of the event consisting of u such 
that: 

log«J <Q-*) r 2 
By Cauchy's Integral Formula: 



dzJ (0)<j\M^r- 

By direct computation using the definition of i/) u (z) in terms of a power 
series: 



(0) 



Therefore: < cM^t/jIt'^, 
and using Sterling's formula (j! ~ y/27Ty/jj^e~^), we get that: 
k-| < (27r)5(n fe ji)e(t-^ 2 +Sf 1 °sO fc )-(b1)iogr-^ ) Vjfc> Jfc _^ 

The (27r)tj4 term will not matter in the end so we will focus instead on the 
exponent. 



k=n 



£ f 



fc=l 

Let j k = 7 fc r 2 



25\ r 2 



(lil)log(r) 



1 - — - - 1 + logO'k) - 2 log(r) 
n J J k 
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k=n , ■> x , , , - . 

( IkT \ I (. 28 \ 1 



^ =2Jli-M( 1 -^)f-- 1 + lo 8(7. 



fc=i 



n J Ik 



)k, 



-5r + n f(j k )—, where 7(7*) = 1 - 7fc + 7fc log^ 



/( 7fe ) = (1 - 7fc) 2 - (1 - Ik) 3 + o((l - 7 ) 4 ) near 1. 



Hence 3A such that V<5 < A if 7 fc G 



i - a/4, i 



then A < =£■ 



2 

2 



Therefore for j as above \uj\ < (2ir) 2 (]X j£)e 2 < one 2 . This 
holds true for all oUj, j in terms of r. Specializing our work for large r, we 

have that \/e > 0, 3R, such that Vr > R, \uj\ < e-^ 5 ~ £)r \ Note that the 

1 

factor of £ is used to compensate for the y/2irj£ terms. The probability of 
which may be estimated using Lemma f5.2l as: 

u({lo : |^-| < e-^ s - e > 2 }) < e- {5 - £)r \ 

Hence Eg r is a small family of events as: 
u({u:logM^< (|-5)r 2 }) 

< p{{uj : < e-^y, and Jk G [(1 - (1 + A /|)r 2 ]}) 



< ^ e -(Ss)r^(2^r = e -2^1+o(6))5^r^ = e -c M r^ usmg the inde _ 

pendence of ujj. 

M r ^ > M' 1 > -r 2 — <5r 2 , except for small events thus proving the lemma. 

□ 

Results of this type can deceive one into thinking of random holomor- 

1 2 

phic functions as e^ z . This absolutely is not the they are weakly 

invariant with respect to the isometries of the reduced Heisenberg group. In 
particular, an analog of the previous theorem holds at any point (whereas 

1 2 

this will be false for e^ z ). 



Corollary 5.5. For all 5 > and z G B(0, r)\B(0, ~r), there exists ( G 
B(zq, 8r) s.t. 



io g |vUC)l> [^-^)\z 



1 - , . .2 



except for on a small family of events. 
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Proof. By Lemma [5.41 



^({u; : max log 1^(^)1 — -x\ z \ < — ^ r }) < e 

ze9B(0,r) 2 

By Lemma IPl we have that for z G B(0, r)\B(0, |r), z G -B(zo,<5 r ) : 
z/({u; : max log |V>u,0 - z )\ - -\z - z \ 2 < -5(5r) 2 }) < e ~ cr2n+2 

z£dB(0,Sr) 2 

Hence, 3 2 G £>(zo, s.t. log \ipuj(z — z )| — \\z — 2 | 2 > — S(Sr) 2 , except 
for a small family of events. 

By hypothesis, \z \ G [|r, r), hence |z — 20 1 < $ r < i r = |o — |l z o| 

Hence, |z - z\ 2 > |z | 2 - 5r 2 > \z \ 2 (l - 25) 

Without loss of generality assume that 5 < |. 

\og\^(z - z )\ > \\z - z \ 2 - 5 3 r 2 > \z \ 2 ±(l-25) 2 -45 3 \z \ 2 
>l\ Zo \i-25\z \ 2 -\5\z \ 2 



> f |z | 2 - 38\ z o\ 



And, setting £ = z — z this is what we set out to prove. □ 
Using that log maxl^J is an increasing function in terms of r, we have 

B(0,r) 

the following corollary: 
Corollary 5.6. For all 5 > 

a) Prob (L : lim (^^^1^(^)1)-^ ^ ^ 8]X\ = 

V I r^oo J y 

This corollary as well as corollary 16.61 have already been proven by more 
direct methods, jT7j. 

Proof. Part b follows immediately from part a, which we now prove: 

Let Es, R = {lu : ^ ^ 6]} 

Let R m = r + 5{m + l)r, r > 

Let s m G [R m -i, R m ]. 
Claim: Vm > M 5 , Vs m , ^, Sm C £1 ^ U Ei SRm ^ 1 
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Let Ms = max{Mi >( 5, il^^}, which may be specifically determined. 
Case i: for uj G E SjSm , log max ^ > T.s 2 m + 5s 2 m 

B(0,s m ) Z 

log max J^ w | > \s 2 m + Ss 2 m , 



B{0,R m ) 



> Ul + raSfr 2 + 5(1 + m5) 2 r 2 

> \R 2 m + \8R 2 m , Vm > M ljS 



Therefore, to G Es R 

3, -Km 

Case ii: for w G E S:Sm , log max ^ < -s 2 m - 5s 2 m 

B(Q,s m ) Z 

-fc>(U,-K m -l) 

< |(1 + (m - l)5) 2 r 2 - 5(1 + mS) 2 r 2 
Therefore, u <E Es R , 

' 3,-Km-l' 

Hence, Vm > M 5 and Ws G [i? m -i, -R m ], -E<5, s C Ei^^ U ^i 5)Jim 

Hence, Prob(\J se[RmM E s>s ) < 2e~^ 2n+ ^ 2n+ \ and 

y~] Prob( [J i^ )S ) = e~ Csm2 " +2 < 00, and the result follows. 

meN se[fl m -i,-Rm] m£N 

□ 



6. The Second main lemma. 

Essentially to prove the main theorem that we are working towards we 
need only one more interesting lemma, Lemma I6.5| in which we will give 
an estimate for J log 1^1- This will be proved first by obtaining a crude 
estimate for J | log|^||, except for a small family of events, and then by 
proving facts about the Poisson Kernel, which will allow me to approximate 
using Riemann integration the first integral with values of log |"0o;(V)| at a 
number of fairly evenly spaced points. 

In order to establish notation I state the following standard result: 
Proposition 6.1. For ( G -8(0, r), h a harmonic function 

h{C)= [ P r {(,z)h(z)da r (z) 

JdB(0,r) 

where da r is the Haar measure of the sphere S r = dB(0, r) and P r is the 
Poisson kernel for B(0, r) . 
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A proof of this can be found in many standard text books, [Hj. It is 
convenient to normalize a r so that <J r (S r ) = 1. For this normalization, the 
Poisson Kernel is: 

Lemma 6.2. For all r > R n , § 8B , Qr \ \ \og(\ip LJ \)\dcr r (z) < (3 2n + l)r 2 except 
for a small family of events. 

Proof. By Lemma 15.41 with the exception of a small family of events, there 
exists Co € dB(0, ~r) such that log(|^(( )|) > 0. 

Combining this with Proposition 16.11 

P r ((o,z)\og(\Mz)\)do- r (z) > log(|V(Co)|) > 0. 

8B(0,r) 

Hence, 



P r (Co,z)log-(\^(z)\)< / P r ({ ,z)\og + (\4>M\) 

d(B(0,r)) Jd(B(0,r)) 

Since £ G dB(0, |r) and z G 95(0, r), we have: ~r < \z — (\ < |r. 
Hence by using the formula for the Poisson Kernel, 

1 /2\ 2n ~ 2 

3 (3 J <P r (C,^)<(2) 2 - 2 3 

Therefore, j dB{Qr) \og + {\^} u {z)\)da r {z) < \ogM r < {\ + 5)r 2 < r 2 , except for 
a small family of events, by Lemma f5. 41 
/ Wr)) ^(Co, *) log + (|^(^)|) < a P (5 r ) log(M r )3(2) 2 - 2 

< 3(2) 2n " 2 r 2 

fd{B(0,r)) log-(\Mz)\)do-r(z) < min J( Co ,,) / e (B(0,r)) P (Co, *) log + (|^(^)|) 

< 3 (|) 2 "" 2 W)) P(Co^) log + (|^ (z)\) 
<9(|) 2n " 2 (2) 2 - 2 r 2 

< 3 2 V 

And, the result follows immediately. 

□ 

As we are already able to approximate log 1^(^)1 at any finite number 
of points in order to use Reimann integration to prove Lemma 16.51 we will 
need to be able to choose "evenly" spaced points on the sphere, as chosen 
according to the next proposition: 
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Lemma 6.3. (A partition of a Sphere) 
If (2n)m 2n - 1 = N 

then S 2n C M 2 ™ can be "divided" into measurable sets {/[, 7|, . . . , I r N } such 
that: 

i) Ui 3 = & 

5) diam(P) < = _^^ r 

Proof. Surround SV with 2n pieces of planes: -P+,i, -P+,2, • • • , -P+,n; -P- i> • • • 
where 

P+j = {x G E 2n+1 : ||x|| L oo = r, = r} 

p_ ^ = { x G R 2n+1 : ||x|| L co = r, = -r} 

Subdivide each piece into m 2n_1 even 2n — 1 cubes, in the usual way, and 
denote these sets R±, . . . , Rn- 

Let ij = {iG5 r : Ax G # n , A > 0} 

By design, A > 1 and x, y G J, =>- d(x,y) < d(X 1 x,X 2 y) < = 
diam(Rj). These sets can be redesigned to get that JJ = , j 7^ k by 
carefully defining _Rj so that Rj f] R^ = 0. □ 

The following elementary result is less well known then others and will 
be very useful in proving Lemma 1631 Note this integration is with respect to 
w, which is not the same variable of integration that is used in Proposition 
16.11 This is done because the goal of this section, Lemma fo. 51 is to estimate 
a surface integral, which corresponds to integration with respect to the first 
variable. 

Lemma 6.4. For k < 1 




P r (w, z)da Kr (w) = 1 



Proof. P r (w,z) = r 2n " 2 ^£, z G dB(0, r) 

If w G S* 2 " C M? n , then the poisson Kernel can be rewritten as a function 
of \z — w\, and as such VT G U n (R n ), P r (Tw, Tz) = P r (w, z) 

Let f(z) = j weSn P r (w,z)da Kr (w) 
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f( z ) = fwes» r P r( w > z)da Kr (w) 

= f qn P r (Tw,Tz)dcr Kr (w), by the above work. 

= f qn P r (Tw,Tz)da Kr (Tw), as da Kr is invariant under rotations. 

= [ qn P r {w, Tz)da Kr (w), by a change of coordinates. 

= f(Tz) 
Hence f(z) = c, Vz G S? 

By switching the order of integration we compute that: 



1 = / / P r (w, z)da r (z)da Kr (w) = c 

o65™ JzeS? 



□ 



Now we are able to prove our final lemma. 
Lemma 6.5. For all A > 0, 

luj-.^f log \if) u \da r (z) < A 1 is a small family of events. 

I T Jz&dB(Q,r) 2 J 



Proof. It suffices to prove the result for small A. Let A > 0. Let 

f\ 1 

fln = 2(2n+2)(2n-i) ' ^ " = ( J < -, A > to be determined later. 

Choose m G N such that writing N = (2n)m 2n_1 , -L < 5. Let k = 1 — 5 an . 

Choose Ij r measurable subsets of S Kr as in Proposition 16.31 
In particular: 

1) S Kr = Ulj r , a disjoint union. 

2) J>,(If) = l 

3) diam(Ij T ) < c \ nr < c5 1 ^ =I r 

Let <jj = a Kr (Ij r ), which does not depend on r. 



For all j fix a point Xj G Ij T 

By Lemma 1531 3Q G B(xj,6r) such that 



' - ' 1 1 '2 _ / 1 oa ! ..2. .2 



log(hMG)l) > ^ " 35 ) w =\2~* 5 ) 

Except, of course, on N different small families of events (the union of which 
remains a small family of events). 
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N 



35) (l-c^V<]Ta>g(|VaO)l) 

j 



< 



SB(0,t-) 



9(B(0,r)) 



+ / log(|V> w (*)|)<M*) 

Jd(B(0,r)) 

Hence, 

> (§ - 3*5) (1 - <5 a ") 2 r 2 - / | log |^||dtT P • max, | £\ ^WC;, *) " 1)1 

> (i - 35) (1 - 5 an )r 2 - (3 2n + l)r 2 • C n 5^^> > \r 2 - \5 a ™r 2 
by Lemmas 16 .21 and the following claim. After proving this claim, the result 
will follow. 



Claim: max 

ze9(B(0,r)) 



Proof of claim: Wz G (95(0, r), f CedB( p^ ^(C z ) d(7 Kr{0 = 1, by Lemma 



Hence, 1 = X/Lf °jPr((j, z) + ELf /^/-(^(C *) - Jr«j, z)) rfcr ^(C) 



And, | Eff ^(Pr(0,«) - 1)1 = I S CeJ APr(C,z) - P r (Q,z))da Kr (C)\ 



jj=i 

j=N 



< max I C — C-7 1 



j=i Jc,ei- 
max 

weB(0,(K+5)r)\B(0,(K-5)r) 



dP r (w, z) 



dw 



dP r (w, z) 
dw 



„2n-2 



w 


z — w 


2 . 


f (r 2 - 




it; 


2 )n(2; — w) 




z — w 


2n+2 



As |z| = r, and |w| = (1 — e)r G [(k — <5)r, (« + <5)r] 



dP r (w,z) 



dw 



^ 2+4en 



2n+2 _ rF 2n + 2 



S 2(2n-l) 



And, max^ |£ — < diam(Ij) + 5r < c5 2n - 1 r + 5r < c'rS 2 ™- 1 

Therefore: | £J=f ^(P r (Cj, 2) - 1)| < C<5^ . J-^n = CT^Ty 
Proving the claim and the lemma. 



□ 
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This lemma gives an alternate proof for the growth rate of the charac- 
teristic function. Let T(f,r) = J s log + \f{z)\ da r (z), the Nevanlina char- 
acteristic function. As (f s log | -0^ [ dcr r ) is increasing the proof of Corollary 
15.61 can be used in conjunction with Lemma [6.51 to prove that ^^(z) is a.s. 
finite order 2. 

Corollary 6.6. For all 5 E (0, J] 

a) Prob U : lim Us - S , 2 — i [-5,5] H = 



b) Prob < uj : lim 



(/5 r l0 Sl^l^ 




TOiJ}^, r^j - 
c) Prob [ {uj : lim 

7. Proof of Main results. 

We will now be able to put the pieces together to estimate the number 
of zeroes in a large ball for a random holomorphic function ipuj{ z )- Further, 
This will help us to compute the hole probability. 

Definition 7.1. For f E O(B(0,r)), B(0,r) C C n , the unintegrated count- 
ing function, 

Mr) ■= L^n^^iosM 2 )"- 1 = Ws^iogMT- 1 Ai^iog|.fl 

The equivalence of these two definitions follows by the Poincare-Lelong 
formula. The above form ((^dd log |;z| 2 ) n_1 ) gives a projective volume, with 
which it is more convenient to measure the zero set of a random function. 
The Euclidean volume may be recovered as J B ( 0i )Q Z/ (^r^log |^| 2 ) n_1 = 

lB(0,t)f]Z f (2^F^\ Z \ 2 ) n ■ 

Lemma 7.2. If u E L 1 (5 r ), and ddu is a measure, then 

1 — [ J_d~Bu M^ddloM 2 )™- 1 = \ [ udo R - \ [ uda r 



t=r^0 t J B t 2?r 2tt 2 j Sr 4 J S , 

A proof of this result is available in the literature, |16j . 

When applying this to random functions, my previous estimates of the 
surface integral will turn out to be extremely valuable. 
Theorem O For all 5 > 0, 

1 



OJ 



> 5r > is a small family of events. 



Proof. It suffices to prove the result for small 5. 
We will start by estimating that: 



2:5 



«/||w:^>5 + in<e- v 



2n + 2 



n^(r) log(/c) < J t= ^ T n^(t)f < (/cr) log(/c) , as n(r) is increasing, 
let k = 1 + Except for a small family of events, we have: 



^0)logO) < / n^it)^- 

t=r 1 



/ / — 001og|VU*)|A -^log|^| 2 - 

A=r JB(0,t) 2?r V 271 " / * 

log | ifru (z)\dcr — — I log | ib,., (z) I da. by Lemma l7.2l 



~^((^ + ^) ~ y log ^ • ^ v Lemma 1511 
< - || — h 8 | r 2 /t 2 — | 5 | r 2 | , by Lemma f6. 51 



r 2 ~ log(/c) V. V 2 /V 2 



5, 



2 log(/c) log(«) 

This proves the probability estimate when the unintegrated counting 
function is significantly larger then expected. 

In order to prove the other probability estimate: 



2n + 2 



We start by using that: JlJl-i n^ w (i)y < (r) log(«) . We then use 
that, except for a small family of events, we have that: 
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n,.Jr) h »;;(/.) > / fty„(t)y 



-^^logl^WI A I — <9<91og |z| 2 
= ~ / log I V> w (z) I rfcr - - / log I ^(z) \dcr, by Lemma Ol 

> -[(- - 5)r 2 - / log \^(z)\d(r], by LemmaESl 

_ t/ O — 1 

> -[(- - 5)r 2 - (- + 5)r 2 n~ 2 ], by Lemma IO 



2 log(«) log(K) 

□ 

Using this estimate for the typical measure of the zero set of a random 
function we get an upper bound for the hole probability and putting this 
together with some elementary estimates we get an accurate estimate for 
the order of the decay of the hole probability: 
Theorem EU If 

V> u (Zi, Z2 . . . , Zn) =2_^ UJ 3 / ■ F ■ , > 

j V Jl- ' Jn- 

where uij are independent identically distributed complex Gaussian random 
variables, and 

Hole r = {u : Vz G 5(0, r), ^ w (z) ^ 0}, 
t/ien t/iere exists c±,C2 > st/c/i t/iot /or all r > R n 

e" C2r2 " +2 < Prob{Hole r ) < e " c ^ 2n+2 

Proof. The upper estimate follows by the previous theorem, as if there is a 
hole then n^(r) = 0, and this can only occur on a small family of events. 

Therefore it suffices to show that the hole probability is bigger than a 
small set. 

Let Q r be the event where: 

i) \u \ >E n + l, 

ii) \uj\ < e -( 1+ f) r2 , Vj : 1 < \j\ < \24nr 2 ] = \{n ■ 2 ■ 12)r 2 ] 



25 

in) \ojj\ <2~, \j\ > \24nr 2 ] > 24nr 2 

v({u\ \uj\ < e-( 1+ f) r2 }) > |(e-( 1+ f) r2 ) 2 = \ e -^ n >\ by LemmaO 
#{j e N n \l < \j\ < \24nr 2 ]} = (( ra4n ^ 1+n )) « cr 2n 

Hence, i/(f2 r ) > C(e~ Cnr2n+2 ), by independence and Lemma 15.21 There- 
fore Q r contains a small family of events, and it now suffices to show that 
for u) G Q r , if> u has a hole in -6(0, r). 

\j\<\24nr 2 ] , ., , ., 1 2 



r lil 

7 

[i[=l Vj ' |j|>r24nr21 

b'l=i 



< e ( 1+ 2) r y/ (24nr 2 + l) n A/(e r "), by Cauchy-Schwarz inequality. 



< C n r n e~ r < ce~°- 9r < \ for r > i? r , 



|j|>24nr 2 V ' VJ 

ill fe=n / x 2k 



E * E 2 



< c ^ 2^ (— ) 2 JJ ) 2 , by Sterling's formula 

I I — o^l„„2 \ ^ J \jkj 



\j\>2inr 2 v ' k=l 



E 



2 fn*=n ^ Vl2 

\3\>34nr> \ T[ k=1 J k > U> 

< c ' ^ Lemma 1531 



Ul>i 

Efr' 



i>i 



1 2 



Hence, |V> w (z)| > E n + 1 - ^ - ^ > ^ □ 
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